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Letter 

DIETERICI'S EQUATION OF STATE: 
AN ALMOST QUANTITATIVE MODELLING 
OF SOME CRITICAL POINT PROPERTIES 

OFHEAVYRAREGASES 

N. H. MARCH and M. P. TOSI" 

Istituto Nazionale di Fisica della Materia and Classe di Scienze, 
Scuola Normale Superiore, I-56126 Pisa, Italy 

(Receivrd 24 Junuury 1998) 

In recent work March, Perrot and Tosi have pointed out that the virial equation for the 
pressure, together with its first and second density derivatives, are constrained at  the 
liquid-gas critical point of the heavier rare gases. Here it is demonstrated that Dieterici's 
equation of state allows an almost quantitative modelling of these constraints. Some 
related comments on structural theories are added. 

Keywords: Equation of state at critical point 

In recent work, March, Perrot and Tosi [ l ]  have demonstrated an 
integral relationship at the critical point c in their study of the heavier 
condensed rare gases, Ar, Kr and Xe. This reads 

with g(r )  the pair distribution function and d(r )  the (assumed) density- 
independent pair potential. They also stress that the compressibility 
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464 N. H. MARCH AND M. P. TOSI 

ratio Z,  defined by 

with p the pressure, p the number density and kBT the thermal energy, 
has a value close to 0.29 for these three rare gases Ar, Kr and Xe. 

We have subsequently noticed that, while we referred in [l] to the 
van der Waals equation of state, the Dieterici equation of state is much 
more realistic for the above problem near the critical point. Though 
Dieterici’s equation of state is given some prominence in standard 
textbooks [2, 31, for completeness let us first outline its derivation and 
the consequences that flow from it. 

Following, for example, Blinder [3], consider rare gas atoms in their 
container. Atoms near one of the walls will experience an asymmetric 
distribution of attractive forces, resulting in a reduction of the 
boundary-layer density Pb relative to the bulk density p. To estimate 
the influence of such interatomic forces on the equation of state, let us 
use the Boltzmann law 

where V(r) denotes the potential energy of an atom at position r.  Let E 

represent the average potential energy of an atom in the interior of the 
fluid, while &b is the corresponding quantity near the container walls. 
Neglecting other possible effects, the ratio Pb to p is 

pb = exp(-A&/kBT) (4) P 

where A& = &b - E > 0, the inequality following from the fact that 
atoms tend to be pulled away from the walls. Introducing excluded 
volume effects as in the van der Waals equation of state, one is led 
rather directly from Eq. (4) to the Dieterici equation of state [4]: 

p ( R  - b)  exp(--) a = kBT, kg T R  ( 5 )  

where R = l /p is the atomic volume and a C( AE. If it is valid to expand 
the exponential to first-order only, then the van der Waals equation 
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CRITICAL POINT PROPERTIES OF RARE GASES 465 

can be recovered by only inessential approximations. However, we 
stress below that, to model the heavier rare gases, it is very important 
to retain the exponential form in the equation of state (5). 

Then, by standard calculation, the critical constants can be derived 
from Eq. ( 5 )  as [2, 31 

and 

p c  = a/4e 2b ’. (8) 

Returning to Eq. (2) one finds 

whereas the van der Waals value is Z, = 3/8 =0.375. Equation (9) is 
indeed remarkably close to the experimental value Z, N 0.29 for the 
heavier condensed rare gases. 

Using the results of Ref. [I] ,  where three structural integrals were 
defined at the critical point, namely I*, n = 0, 1 and 2, 

l o  = 1 - Z, = 0.73, (10) 

and 

Evidently, the error in Z, is most magnified in estimating Z2. 

modelled as 
Using the value in Eq. (10) the virial structural integral can thus be 

showing that the excluded-volume parameter b goes out. This is 
physically satisfactory because, as was already known to Ornstein and 
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Zernike, the total pair correlation function h(r) = [g(r) - I ]  becomes 
very long-range as the critical point is approached. Indeed, modern 
critical point theory shows that h(r)lc 0; r-(' +17) where the critical expo- 
nent v < <  1 [4, 51. Similar expressions can be written for the structural 
integrals involved in I ,  and I2 as defined in Ref. [I]. 

To conclude this Letter, we wish to add some related comments on 
structural theories of liquids. Equation (1) makes it tempting to write, 
as the critical point is approached: 

where A tends to zero at the critical point itself. The motivation for 
modelling the density dependence of g(r) according to Eq. (14) is that, 
for reasons given above, we expect the attractive part of the force law 
-@(r)/dr to dominate the physics at or near the critical point. 

While Eq. (14) may seem surprising in its shape, let us conclude by 
mentioning two of the available structural theories of fluids: (i) the 
hypernetted-chain (HNC) approximation and (ii) the Born-Green 
equation. As to (i), the unmodified HNC equation (Le., with the so- 
called bridge function put equal to zero [6]) reads 

4 r )  Ing(r) = --+h(r) - c ( r )  
kE T 

and hence, for the case of a density-independent pair potential 
treated in Ref. [ l ]  we have 

5 )  

as 

Equation (16) is more complicated than Eq. (14) as A ---f 0, because it 
involves the Ornstein-Zernike convolution relating h(r) and c(r). But 
we stress that there is some similarity of shape. 

Turning finally to the Born-Green equation for liquid structure, this 
has some aspects of a theory valid at the critical point [7]. However, 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
0
4
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



CRITICAL POINT PROPERTIES O F  RARE GASES 467 

the compressibility ratio Z,. = l j2 [8], and this is so far from our main 
interest, the heavier rare gases, that we shall not pursue the detail. 
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